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Erdijs and Gallai characterize in [3] the sequences of integers which are degree 
sequences of a simple graph, in terms of a system of (linear) inequalities. The 
set of all real n-vectors satisfying these inequalities is a convex polytope K, . 
In this paper we study the properties of K,, . In particular, we show that its 
vertices are precisely the sequences which are degree sequences of a unique 
graph (Theorem 1). We also give a full description of the vertices of K,, 
(Theorem 2). 
1. INTRODUCTION 
All graphs in this paper are finite, undirected and without loops or 
multiple edges. 
W’, ,..., P,J denotes a (labelled) graph with IZ vertices PI ,..., P, . The 
degree di of a vertex Pt of a graph G is the number of edges of G incident 
with Pi . T(G) = (4 ,..., d,) is the degree sequence of G. Let v = (a1 ,..., a,,) 
be a finite sequence of n non-negative integers. cp is realizable if there 
exists a graph G = G(P, ,..., P,) such that q~ = n(G). G is called a realiza- 
tion of y. 
In [3] ErdSs and Gallai found the following necessary and sufficient 
condition for non-increasing sequence (a1 ,..., a,) of non-negative integers 
to be realizable: 
il ai is even, (1.1) 
k=j+l 
(j = I,..., n). 0.2) 
* This paper is a part of an M.Sc. Thesis submitted to the Hebrew University of 
Jerusalem, in October, 1969. 
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Remark. For n > 1 it is sufficient to assume 1 <‘j < n - 1 in (1.2). 
For English and French versions of this result of Erdiis and Gallai, 
with various proofs see [I, pp. llO-1111, [2, pp. 427-429, 433-436, 
499 ex. 6.471, and [4, pp. 59-611. 
Condition (1.2) is equivalent to the following system of linear equalities 
l3, (1.4)1: 
iI ai - j(j - 1) < (I - j)j + i Ok 
k=Z+l (1.3) 
(j = I,..., n), U = .i, j + I,..., n). 
It is easy to generalize the result of Erdos and Gallai for the case of an 
arbitrary sequence of non-negative integers. In order to do so one merely 
has to replace condition (1.3) by 
U-4) 
for all sets S, T such that 
+#SuTCN, SnT=$. 
Where N = {l,..., n}, s and t are the cardinalities of S and T, respectively. 
(The referee has pointed out to us that the necessity and sufficiency of 
conditions (1.1) and (1.4) for realizability follows easily from Theo- 
rem XV in [5].) 
DEFINITION. K, is the set of all n-tuples of real numbers which satisfy 
condition (1.4). 
We shall show that K, is a convex polytope and that the vertices of 
K,, are exactly the integral n-tuples which have a unique realization 
(Theorem 1). We shall also provide a detailed description of the vertices 
of K,, (Theorem 2). 
2. ELEMENTARY PROPERTIES OF Kn 
LEMMA 1. (a) rf (a1 ,..., am) E K, then 0 < aI < n - 1 (i = l,..., n). 
(Hence K, is a bounded polyhedral set, i.e., a convex polytope.) 
(b) (O,..., 0) E K, . 
ProojI Let T = {i}, S = $; then from (1.4) we obtain ---ai < 0. Let 
S = {i}, T = 4; then from (1.4) we obtain ai ,( n - 1. 
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Ifs and t are non-negative integers and s + t < n, then s(n - 1 - t) >, 0. 
This implies that (O,..., 0) E K, . 
LEMMA 2. Let q~ = (al ,..., a,) E K,, . If q~‘ = (a: ,..., a,,*) is a permu- 
tation of q~ then q~’ E K,, . 
Proof. Condition (1.4) is invariant under permutations of the coor- 
dinates. 
LEMMA 3. K, is centrally symmetric with respect to the point 
( 
n-l n-1 - ___ 
2 ,*--, 1 2 ’ 
i.e., if(a, ,..., a,J E K,, then (n - 1 - a1 ,..., n - 1 - a,J E K,, . 
Proof. Let (a1 ,..., a,,) E K, . For every two disjoint sets, S, T C N, we 
have 
Thus 
2 (n - 1 - 4 - 1 (n - 1 - 4 
iES 
= g ai - 2 ai + 0 - s>(n - 1) 
< s(n - 1 - t) + (t - s)(n - 1) 
= t(n - 1 - 8). 
Therefore (n - 1 - a1 ,..., n - 1 - an) E K,, . 
LEMMA 4. KI is O-dimensional. Kz is I-dimensional. For n > 2, K,, is 
n-dimensional. 
Proof. If (a) E KI , then 0 < a < 0. Thus KI = ((0)). 
Let (a1 , aJ E Kz . If we take S = (11, T = (2) in (1.4), we obtain 
a, - a2 < l(2 - 1 - 1) = 0. Similarly a2 - a, < 0. Thus, K2 is a line 
segment with end-points (0, 0) and (1, 1). For n > 3 we shall prove that 
the point ((n - 1)/2,..., (n - 1)/2) is an interior point of K, (relative to 
E”). This will be done by showing that ((n - 1)/2,..., (n - 1)/2) satisfies 
all the inequalities of (1.4) as strict inequalities. For every two disjoint 
sets S, T, $ # S u T C N, we have to show that 
(s - t) + < s(n - 1 - t) or, (s + t) + > st. 
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This inequality clearly holds if s or t is zero but s + t > 0. It holds also 
if s > 0, t > 0 and one of them is < (n - 1)/2. Since s + t G II, the 
only remaining case is s = t = n/2. In this case n(n - I)/2 > n2/4 because 
II > 2. Thus, the interior of K,, (relative to E”) is non-empty and 
dim K, = n for n > 2. 
3. PROPERTIES OF THE VERTICES OF K, 
In this section we investigate the vertices of K, . 
LEMMA 5. Ifq=(a ,..., u)EK,, then q is a vertex of K,, @a = 0 or 
a=n-1. 
Proof. Lemma 5 follows easily from Lemmas 1 and 3. 
LEMMA 6. Let v = (a1 ,..., a,) be a non-increasing realizable sequence. 
For every i, 1 < i < n, there exists a realization G,(P, ,:.., P,) of v in 
which the set of vertices adjacent to Pi is 
[Pie : 1 < k < a,}, if ai < i, 
{Plc : 1 < k ,( ai + 1, k # i}, if ai > i. 
Remark. Lemma 6 is identical with Theorem 3.2 in [3]. 
Proof. Fix i, 1 < i < n, and define 
(J = i;::::: ;k 1 iif+ 7 ‘6:; + 1> 
1 3 >.‘., z 3 if ai > i. 
Let G = G(P, ,..., P,) be a realization of v, and suppose that Pi is not 
adjacent to P1 for some 1 E U. Then Pi is adjacent to some vertex P3 , 
j $ U. The degree of PI is not less than the degree of Pj ; hence there exists 
a vertex Pk , k # I, j, i, which is adjacent to P, but not to Pj . Now 
remove from G the edges (Pi, Pj) and (P, , P,) and replace them by 
(Pi, P,) and (Pk, Pj). The graph G’, so obtained is a realization of y. 
In G’ Pi is adjacent to P1 and to all the vertices P, , s E U, that were 
adjacent to Pi in G. By a finite number of such steps we obtain a realization 
of v which fullills the requirements of the Lemma. 
LEMMA 7. Let (a, ,..., a,,) E K, , and suppose that n - 1 > a, b a2 > 
. . . > a, . If, for a certain j, there is equality in condition (1.2), then a, < j. 
Remark. If a, > a, > .a* > a, then (1.2), (1.3), and (1.4) are equiv- 
alent. 
EXTREME DEGREE SEQUENCES 217 
Proof. Fix j, 1 < j < n, and suppose that 
gl ai - j(j - 1) = 
k=j+l 
If j < a, , then 
j(n - j) = j(n - 1) - j(j - 1) 
> iai-j(j- I)= f min(j, aJ = j(n - j), 
i=l Jc=j+1 
which is a contradiction. 
LEMMA 8. Let (al ,..., an) E K, and suppose that n - 1 > a, > a, > 
*.* 3 a, > 0, and a, > a, . Let h be the largest index i for which a, = ai , 
(1 < h < n). If 1 <j < h then there is a strict inequality in condition (1.2). 
Proof. Assume 1 < j < h and 
Then j < a, , since otherwise min(j, ak) = a, , (j 4 1 ,< k < n) and 
therefore 
ja, = i ai = j(,j - 1) + mintj9 ak) = jtj - 1) + al + 2 ak , 
i=l k=i+l k=j+2 
so that 
j(j-l)~(j-l)al=j(j-l)+ i ak>j(j-l)+a,>j(j-l), 
k=i+2 
which is a contradiction. Thus we have established that a, = ah > j. 
Since a, < j by Lemma 7, we obtain: 
ja,= ia,=j(j-l)+(h-j)j+ n2 min(j, ak) + an , 
i=l k=h+l 
or, equivalently, 
72-l 
ja,=j2+(h-1 -j)*j+ c min(j,&)+a,&. 
k=h+l 
(2.1) 
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Inequality (1.2) for j + 1 yields 
h-1 n-1 
(j + 1) 4 = C ai < 0' + l)j + C minCj + 1, ak) + a, 
i-l k=i+2 
If a, >, j + 1 then (2.2) implies: 
(j + 1) a1 < (j + 1)j + (h - 1 - j)(j + 1) 
n-1 
+ C mG+l,akl+aa,. 
k=h+l 
Multiplying both sides of (2.2’) by j/(j + I), we obtain 
(2.2) 
(2.2’) 
jai <j2+ (h -j- l)j+ C kr+I, min (j, j+) + j+ , (2.2”) 
which clearly contradicts (2.1), because a, > 0. 
If a, <j + 1 then (2.2) implies: 
n-1 
(j + 1) al < (j + l)j + (h -j - 1) al + c minti + 1, ak) + 0,. 
k-h+1 
(2.23 
Multiplying both sides of (2.2”‘) by j/(j + 1) we obtain the same contra- 
diction as before. 
We have arrived at a contradiction in all cases, therefore the inequality 
in (1.2) is strict. 
LEMMA 9. Let cp=(a,,...,a,)EK,,. If n-l >al>a2>,--*> 
a,, > 0, then y is not a vertex of K,, . 
ProoJ: The case a, = a, was treated in Lemma 5. 
We shall divide the proof into two cases: 
(a) al > a, and CI,-~ > a, . 
@> a1 = **- = a, > ah+1 , 2 < h < n. 
If a, > a2 and a,-, = a, then we can replace q.~ by 
l$=(n-l-a n 3.**, n - 1 - al) 
and arrive at case (b). 
By Lemmas 2 and 3, v is a vertex of K, ti q~’ is a vertex of K, . 
Case (a): aI > a, > a,, > a,, . According to Lemma 7, if there is an 
equality in (1.2) for a certain j, then a, < j. Choose E > 0 such that 
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al+c<n - 1, a2 < a, - E, a, + E < aRwl, a, - E > 0 and such that 
for all j, 1 < j < n, if 
cl ai - Aj - 1) < f mW ak) 
k=i+l 
then 
il ai - j(j - 1) + E < f minti ak>, 
k=j+l 
andifa,cjthena,+E<j. 
The sequence up+ = (a1 + E, ag ,..., a,-, , a,, + E) satisfies (1.2) for all 
j, (j = I,..., n). The same is true for KJY = (a, - E, a2 ,..., a,-, , a, - e). 
Thus y+, v- E K,, and v = &(y+ + v-) is not a vertex of K,, . 
Case (b): a, = .** = ah > ah+l . In this case we choose E > 0 such that 
ah - E > ah+1 , a,+E<n-landforeveryj,l<j<n,if 
i ai - j(j - 1) < i min( j, ak) 
i=l k=j+l 
then 
jl ai - j(j - 1) + 26 < i min(j, a*). 
k-j+1 
According to Lemma 8, there is a strict inequality in (1.2) for j, 
1 < j < h and therefore the sequence y’ = (a, + E, a2 ,..., ah - E ,..., a,) 
satisfies (1.2). 9’ = (al - E, a2 ,..., ah + E ,..., an) is a permutation of ?‘I. 
Thus both q’ and v” belong to K, . Consequently y = *(y’ + q”) is not 
a vertex of K, . 
THEOREM 1. A sequence g, = (a, ,..., an) of real numbers is a vertex 
of K, if y has a unique realization. 
Remark. By the uniqueness of the realization we mean that if 
Vl ,***, Pn} is a given set of labeled vertices, and if G(P, ,..., P,) and 
G’(P, ,..., P,,) are two realizations of qz~, then G = G’. 
Theorem 1 is a direct consequence of the following two lemmas: 
LEMMA 10. Zf v = (a, ,..., an) is a vertex of K,, , then 
(1) Each ai (i = l,..., n) is an integer. 
(2) I=:=, ai is even (and therefore y is realizable). 
(3) The realization of v is unique. 
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LEMMA 11. Let y = (al,..., a,) be a realizable sequence. [f v is not 
a vertex of K, , then q has more than one realization. 
Proof of Lemma 10. We use induction on n. The lemma obviously 
holds for n = 1, 2, because K1 = {(0)} and K2 = [(0, 0), (1, I)]. Assume 
the lemma is true for all k, k < n (n 3 3). Let (a1 ,..., a,) be a vertex of 
K TZ- 
By Lemma 2 we can assume without loss of generality that a, > 0.’ > a,. 
Case (a): a, = 0. Then condition (1.2) holds for (a, ,..., a,-,) 
as well; hence (a, ,..., a,,) E KnP1. Similarly, if a, 3 ..* > a,-, and 
(al ,.-, a,-,) E K,-, then (a, ,..., a,-, , 0) E K, . It follows, by Lem- 
ma 2, that for any sequence (al ,..., a,-,), (al ,..., a,-,) E K,-, iff 
(aI ,..., a,-, , 0) E K, . Furthermore, the set {(p), 0): v E K,-& is a face of 
K, and therefore if (a, ,..., a,-, , 0) is a vertex of K, , then (a, ,..., a,-,) 
is a vertex of K,-, . By the induction hypothesis a, ,..., a,-, are integers, 
xi”=;’ ai is even and (al ,..., a,-,) has a unique realization. The addition of 
a, = 0, with corresponding vertex P, , does not change any of the above 
properties. 
Case (b): a, > 0. Then a, = n - 1, by Lemma 9. Let us consider the 
vertex p7’ = (n - 1 - a, ,..., n - 1 - a,) = (al’ ,..., a,‘). Clearly an’ = 0 
and therefore all the numbers ai’ are integers, by Case (a). Consequently 
a, = n - 1 - ak-i+l are also integers. Since cZn_l ai’ is even, ,& ai = 
n(n - 1) - crZl ui’ is also even. 9’ has a unique realization. The 
complementary graph of any realization of 9 is a realization of 
(n - 1 - a,, **a, n - 1 - a,) which is a permutation of F’, therefore 9) 
has a unique realization. 
Proof of Lemma 11. Assume, without loss of generality, that a, 3 
4 2 .*- > a,. The proof proceeds by induction on n. It is easy to verify 
that for IZ = 1, 2, 3 every realizable sequence is a vertex of K,, . For II = 4 
the only non-increasing realizable sequences which are not vertices of 
K4 are (1, 1, 1, l), (2, 2, 2, 2), and (2, 2, 1, 1). The sequence (1, 1, 1, 1) 
can be realized by three different (though isomorphic) graphs 
G(P, , PZ , P3, P4). The same holds true for (2, 2, 2, 2). (2, 2, 1, 1) has 
two different realizations. 
Suppose the lemma is true for k -x n (n > 5). If 9) = (a, ,..., a,) is not 
a vertex of K, and a, = 0, then (al ,..., a,-,) E K,+, . Consequently 
(4 ,..., a,-,) has more than one realization, and so has (al ,..., a,-, , 0) = p 
If a, = n - 1, we consider the point (n - 1 - a, ,..., n - 1 - aI). 
(Compare the proof of Lemma 10.) 
Ifn-I >al>a,> ... > a, > 0, then, by Lemma 6 y has a realiza- 
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tion G1 in which P1 is adjacent to the first a, vertices, different from P, . 
Since a, < IZ - 1, (P, , P,) is not an edge of Gr . By Lemma 6, y has 
also a realization G, in which P, is adjacent to PI . Hence G, # G1. 
4. CHARACTERIZATION OF THE VERTICES OF K, 
Our next goal is to provide a complete characterization of the vertices 
ofK,. 
LEMMA 12. Let 
“1 “2 “m 
g, = (bzl , b,,..., ,..., b,xm), 
b, > b, > ..a > b, > 0, CL, n, = n, ni > 0 for 1 < i < m. Suppose ye 
isavertexofK~.Thenb,=n--l,andifm>lthenb,=n,.Ifm>2 
then b, = n - 1 - n, . 
Proof. By Lemma 9, 6, = n - 1, because b, > 0. If m > 1 we reflect 
9) through the center of K, , reverse the order of the coordinates, omit 
zeros and obtain the following vertex of K,-,l : 
# = (n - 1 - b, ,.?, n - 1 - b,‘,..., ‘n - 1 - b, ,IIf , n - 1 - bd), 
where IZ - 1 - b, > 0. Consequently IZ - 1 - b, = (n - n,) - 1, or 
b, = n, . (Compare the proof of Lemma 10.) 
If m > 2, we can apply this result to #, which is a vertex of K,+,, , 
and obtain n - 1 - b, = n, . 
LEMMA 13. Let 
“1 “In 
cp = (bz ,..., b,,...,), 
b, > b, > .‘. > b, > 0, CL, ni = n, m >/ 3, ni > 0 for 1 d i < m, 
bl=n-l,b,=n-l-nn,,b,=n,.Dejine 
n1+ “2 % SL-1 I 3 
y* = (bTz , bz,..., ,..., b,-, ,..., b,J. 
Under these conditions q~* is a vertex of K,-,, ifs CJI is a vertex of K, . 
Proof. In any realization G(P, ,..., Pn) of v, every (n - 1)-valent vertex 
is adjacent to all other vertices of G. b, = n, and therefore a b,-valent 
vertex is adjacent exactly to all the vertices of degree n - 1. Let us remove 
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from G all the vertices of degree b, , together with the edges that are 
incident with them. The graph G* thus obtained is a realization of v*. 
Conversely, if G* = G*(PI ,..., P,+, ) is a realization of F*, we can 
extend G* by adding n, b,-valent ve;ftices and joining each one of them 
to PI )...) Pnl . 
The extended graph is a realization of 9. Different graphs G* have 
different extensions, consequently there is a l-l correspondence between 
realizations G(P, ,. . ., P,) of v and realizations G*(P, ,..., P,-,,) of ‘p*. 
Thus: v is a vertex of K, o F is uniquely realizable o v* is uniquely 
realizable o v* is a vertex of Km-,,, . 
THEOREM 2. Let 
“1 4n 
cp = (bz ,..., b,,...,), 
C~lni=n,n(>Oforldi~m,b,>b,>...>b,>O. Underthese 
conditions q~ is a vertex of K,, 13 
b,=n-I b, = n, 
bz=n--l-q,, b,-, = n1 + n2 
bl=n-l-nn,--~~-nn,-l+2 bm-k=n,+n2+*~*+n,+I, 
where 
(4.1) 
I= [WI, k= [q] (hencem-k=Z+ 1). 
Remark. Note that b, > b,,, (I + 1 = m - k) iff r.~+~ 3 2 (k + 2 = 
m - I + 1 = [m/2] + 1). 
Proof. We use induction on m. If m = 1 (k = - 1, I = 1), then 
v = (b, ,..., b&, b, > 0. Consequently v is a vertex of K, iff b, = n - 1. 
Ifm=2(k=O,I=l)then 
“1 
pl = (bTI, ;A. 
If F is a vertex of K, , then, by Lemma 12, b, = n - 1, b, = n1 . 
On the other hand, for 6, = n - 1 and b, = n1 let 
* = (n - 1 - n1 ,.:I, n - 1 - ~2;). 
Clearly # is a vertex of Kn,(nz = n - nJ. Thus $’ = ($, O,..., 0) is a vertex 
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of K, . Since F is a permutation of the reflection of I,Y through the center 
ofK,, FisavertexofK,. 
Assume the theorem is true for I < m (m > 3). Let q~ be as above, 
with m blocks. If y is a vertex of K, then, by Lemma 12, b, = n - 1, 
b, = n1 , bz = 12 - 1 - nna . By Lemma 13, 
*1+ *2 “8 %I-1 
I 1 
v* = (bzz , bza ,..., b,-l ,..., b,J 
is a vertex of K,-,, . Since v* has m - 2 blocks we deduce: 
b, = (n - n,,J - 1 
b, = (n - n,) - 1 - n,-, 
d, = (n - n,) - 1 - 
bm-1 = @I + 4 
b,-, = (n, + nz) + n3 
b,-, = (n, + nJ + ..a i - Izk+l, 
where 
I-l=[ 
m-2+1 
2 ] and 
Hence 
z = [v] and 
n,-, - ..+ - nm--If2 
(4.1’) 
k-l=[ 
m-2-2 
2 1. 
k++]. 
(m - I + 2 > 2 because m > 2, also m - k > 2.) We have shown that 
‘p satisfies all the requirements (4.1). Conversely, if y satisfies (4.1) and 
m >, 3, then v* is a vertex of K,-,,, and by Lemma 13 v is a vertex of K, . 
Remark. If 
“1 “m 
cp = (bzl ,..., b,,...,) 
satisfies all the conditions of Theorem 2 and also satisfies (4.1), then we 
can construct the unique realization G(P, ,..., P,) of y in the following 
manner: Divide PI ,..., P, into m blocks Bl ,..., B, , where 
Bi = PI, Z c nj < k < i q . 
I 
i-l 
j=l j=l I 
IfPEg<, QEBiandP#QconnectPandQiffi+j<m+ 1. 
The graph obtained in this way is the realization of v. 
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THEOREM 3. There are exactly 2”-l non-increasing sequences (al , . . . , an) 
which are vertices of K, , 
Proof. We use induction on n. The cases n = 1, n = 2 can easily be 
checked. Let n > 3, and assume that the theorem is true for II - 1. 
Define: 
V, = ((al ,..., a,): a, 3 *a. 3 a, , (al ,..., an) is a vertex of K,), 
V,’ = {(al ,..., a,) E V, ; a, = n - l}, 
V,O = ((al ,..., an) E V, ; a, = O}. 
By Lemma 9, V, = V,’ u Vmo. Also V,’ n V,O = 0, because, if 
n - 1 = a, > a2 3 a** > a, = 0 
were true, then (aI ,..., a,) would not satisfy (1.2) forj = 1. The mapping 
(4 ,..., a,) -+ (n - 1 - a, ,..., n - 1 - a,) is a 1-I correspondence 
between V,’ and V,O. Therefore ( V, 1 = I V,’ I + I V,O I = 2 I VW0 I, 
(where for any set S, 1 S 1 = card S). But, as we have seen in the proof of 
Lemma 10, the mapping (a, ,..., aneL , 0) --f (a, ,..., a,-,) is a l-l corre- 
spondence between Vmo and V,+, . Therefore, I V, ( = 2 I V,-, ( = 
2 . p-2 = p-1 
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